NONCOVERAGE FOR DISTINCT ODD MODULI
WITH AT MOST THREE PRIME DIVISORS

MICHAEL SCHROEDER

ABSTRACT. We prove that a finite family of congruence classes with
pairwise distinct odd moduli greater than one cannot cover the integers
if each modulus has at most three distinct prime divisors. The prime
powers, residue classes, and total number of primes occurring across the
family are unrestricted. A normalized distortion measure and a condi-
tional convex comparison reduce the problem to a count of one-prime
and two-prime cofactors. Twenty-eight factorial moments close under a
positive recurrence; exact rational arithmetic through prime 997 and a
bound for all larger primes give total charge less than 0.937076 < 15/16.
We also prove that the three-divisor restriction is needed only for moduli
whose largest prime divisor is at most 10°. Thus every hypothetical odd
distinct covering has a modulus with at least four distinct prime divi-
sors, all at most 10°. Two standalone exact-arithmetic implementations
accompany the proof. A finite rational alternative to the integral tail
bound underlies an end-to-end Lean 4 formalization of the first noncov-
erage theorem.

1. INTRODUCTION

A covering system is a finite family of congruence classes whose union is
Z. 1t is distinct if its moduli are pairwise distinct, and odd if all its moduli
are odd. Modulus 1 is excluded throughout. For an integer m > 1, let
w(m) denote its number of distinct prime divisors, and let P™(m) denote its
largest prime divisor. We establish the following restriction on the individual
moduli.

Theorem 1.1. Let F = {a; (mod m;) : 1 < i < s} be a finite family with
pairwise distinct odd moduli m; > 1. If w(m;) < 3 for every i, then F does
not cover Z.

The theorem allows arbitrary exponents and arbitrary residue classes.
There is no bound on s, on the primes themselves, or on w(lem(my, ..., my)).
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In particular, different moduli may use different triples of primes. A stronger
statement confines a necessary exception to a fixed range of prime divisors.

Theorem 1.2. Let F be as in Theorem 1.1. Suppose that
Pt(m;) <10° = w(m;) < 3.
Then F does not cover Z.

Corollary 1.3. Every finite odd distinct covering system has a modulus m
such that
w(m) > 4, Pt (m) < 10°.

Proof. The assertion is the contrapositive of Theorem 1.2. ([

The cutoff in the corollary concerns prime divisors, not the size of m.
Neither theorem requires minimality, disjointness, or a complete divisor list.
Both concern finite families. They provide necessary conditions for an odd
distinct covering and do not resolve the unrestricted odd covering problem.

1.1. Context. Erdds introduced distinct covering systems in 1950 [6]. Bal-
ister’s survey [1] describes the classical questions and the development of the
distortion method. The number of prime divisors of an individual modulus
is a classical direction: his 1973 survey records Selfridge’s squarefree two-
factor observation and a corresponding three-factor expectation [7, p. 125].
The present hypothesis permits arbitrary powers of the small primes as well
as of the large ones.

The principal squarefree comparison is the theorem of Balister, Bollobés,
Morris, Sahasrabudhe and Tiba [3], excluding odd distinct coverings with
squarefree moduli. Their final paragraph requires squarefreeness only at
primes at most 73. Their theorem allows moduli with arbitrarily many
prime divisors; Theorem 1.1 instead allows unrestricted powers at every
prime. These hypothesis classes are incomparable.

Hough’s solution of the minimum-modulus problem [8] and the restricted-
divisibility theorem of Hough and Nielsen [9] developed the probabilistic
approach to distinct coverings. The latter forces a modulus divisible by
2 or 3. The distortion method of Balister et al. [2, 3] controls the mass
of forbidden fibres while preserving earlier marginals. Our local measure
belongs to this framework. The convex comparison used here is a finite
conditional application of the classical extremal property of comonotone
dependence; see [12]. We prove the required version in full.

The author’s seven-prime, eight-prime and nine-prime results [14, 15, 16]
concern the primes in the least common multiple of the entire family. They
give successive necessary lower bounds of seven, eight and nine for that
total prime support, with arbitrary prime-power exponents. The present
argument bounds the support of each individual modulus and places no
bound on the total support. None of those rank theorems is used as a
lemma below.
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Recent work also treats different restrictions. Bispels et al. [4] study a
variant permitting one odd modulus to repeat. Mian and Siddique [11] give
a Lean formalization excluding odd distinct coverings with least common
multiple at most 10*. These settings differ from the arbitrary-power, three-
divisor condition of Theorem 1.1.

1.2. Proof outline and computational scope. We pass to the finite
Chinese-remainder product resolving the family and avoid all pure prime-
power classes. A normalized prime-by-prime distortion then gives uniform
bounds for prefix probabilities conditional on the entire past. A backward
convex comparison replaces the actual, possibly dependent coordinates by
independent auxiliary heights K.

At a prime ¢, a modulus satisfying w(m) < 3 has at most two prime
divisors left after its g-power is removed. The completed cofactor count is

therefore
Ne=>Y Kpy+ > KK,
pr<q p<r<q

Adjoining a height K updates (N,Y) to (N + (1 + Y)K,Y + K), where
Y is the sum of the old heights. Its binomial moments of total order at
most six form a positive, closed system of 28 quantities. An exact low-state
calculation supplies the initial charges. Directed rational rounding and a
polynomial tail estimate give

937076 15
11 b, < 20010 1o
(1.1) j%: ¢S 7105 < 16

Here b, bounds the probability of the mixed union ending at ¢ under one
constructed law. Positive mass consequently remains uncovered.

Sections 2—4 prove the reduction to these charges. Sections 5-7 give the
complete finite recurrence, its exact certificate, and the bound for every
remaining prime. Section 8 proves Theorem 1.2 using a second-moment
continuation. Appendix A specifies both arithmetic implementations. Ap-
pendix B gives a finite rational alternative to the integral tail, compares
its certificate with Section 6, and describes the formal verification of The-
orem 1.1. The mathematical proof does not rely on the research ledger, a
search transcript, a floating-point optimizer, or an earlier author theorem.

Remark 1.4. The reserves 1/16 and 1/40 established below refer to con-
structed probability measures. They are not uniform lower bounds for ordi-
nary uncovered density. Indeed, the classes 0 (mod p) for odd primes p < z
have uncovered density [[3<,<,(1 — 1/p), which tends to zero. For each
fixed noncovering finite family, periodicity still supplies a whole uncovered
residue class modulo its least common multiple.
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2. THE FINITE PRODUCT AND NORMALIZED DISTORTION

Fix a finite family F of distinct odd moduli greater than one. Put

L= lcmlgigs m; = H pHP, Qp = Z/pHpZ.
peEP
The empty family is immediate, so we may assume s > 1. The Chinese
remainder theorem identifies Z/LZ with [Ipep ©p. A congruence modulo
p®, with 1 < a < Hp, is called a prefiz of depth a in the p-coordinate. Each
class in F is a product of such prefixes and unrestricted coordinates.

Call a class pure if its modulus is a prime power, and mized otherwise.
Distinctness has two consequences that we will use. At any prime there is at
most one pure class of each positive depth. At a fixed largest prime ¢, fixed
old cofactor d > 1, and fixed current depth a, there is at most one class of
modulus dg®. These are statements about complete moduli, including all
exponents.

Let A\, be uniform measure on (2, and let U, be A, conditioned outside
all the actual pure p-power classes.

Lemma 2.1. The measure U, exists. Every depth-a prefiz A satisfies

p—1
2.1 Uy(A) < ——.
( ) p( ) (p - 2)pa
Proof. The removed A,-mass is at most Zf:pl p~*<1/(p—1). Its comple-
ment therefore has positive mass at least (p —2)/(p — 1). A depth-a prefix
has unconditioned mass p~%, which gives (2.1). O

Order the primes in P increasingly. Above an earlier point z, let By(z) C
2, be the union of the current prefixes of all mixed classes whose largest
prime is p and whose earlier coordinates are satisfied by z. Write

ap(x) = Up(Bp(x)).
For a fixed parameter 0 < ¢, < 1, define the kernel density relative to U, by
1

B
= min{ay(@).0,; Y% 5@
(ap(@) = dp)+
e y € By(x).
ap(2)(1 — 6p) :
The second value is set to zero when a,(z) = 0; that case concerns a U,-
null set. Starting with mass one on the empty product, let u<, be the law

obtained by successively applying these kernels. Write p for the final law on
Z/LZ. We write X<, = (X;)rep, r<p for the vector of earlier coordinates.

(2.2) kp(z,y) =

Lemma 2.2. Every kernel in (2.2) has integral one and density at most
(1-— 5p)*1. The joint marginal of all earlier coordinates is preserved. The
probability of the mized union ending at p is

(23 / W ().
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Put C,=(p—1)/((p —2)(1 = 6p)). For every prefix A of depth a,
C
(2.4) P,(X, € A| X<p) < min {1, p‘];} almost surely.

Proof. If a < 4, the bad set receives no mass and the good set has constant
density 1/(1 — «). If o > 6, its two integrals are (1 — «)/(1 — 0) and
(e —§)/(1 = 6), whose sum is one. The claimed density bound follows in
both cases. Integration at each fixed earlier point proves preservation of its
marginal and (2.3). Combining the density bound with (2.1) gives (2.4) at
the moment p is exposed. Later kernels preserve the entire joint law through
p, and hence also preserve this conditional bound and the probability in
(2.3). O

Every pure event has final probability zero. If b, is an upper bound for
(2.3), then the union bound gives

(2.5) n(UF) <D by
peP

The law used here is the full normalized law. Conditioning it on survival is
unnecessary and would not in general preserve the conditional caps.

3. A CONDITIONAL CONVEX COMPARISON

We give the precise rearrangement statement needed for the dependent
law constructed above. Independence will enter only in the auxiliary vari-
ables.

Lemma 3.1 (Nested marginals). Let S C
P(j € S) < rj, where 1 > ry > -+ > 1y >
supermodular on subsets. Then

(3.1) EF(S) <EF({j:U <r;}),

where U is uniform on [0, 1].

{1,...,m} be random, with
0. Let F be increasing and

Proof. Put I; = {1,...,j} and Iy = @. The increasing-increment form of
supermodularity, applied when the elements of S are inserted in this order,
gives
F(S) < F(2) + ) (F(l;) = F(Ij-1)).
JES

All displayed increments are nonnegative. Taking expectations bounds the
right side by F\(@) + >, 7;(F(I;) — F(Ij—1)). This is the expectation of the
nested set in (3.1). O
Proposition 3.2 (Conditional comparison). Let X = (Xi,...,X4) have

any law on a finite product. For finitely many labels c, let A.; depend only
on coordinate i, and suppose

(3.2) P(X; € Aci | X1,...,Xi—1) <rei  almost surely,
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where the r.; € [0,1] are deterministic. If w. > 0 and h is nonnegative,
increasing and convez, then

(3.3) Eh (Z We H 1 Am.(Xi)> <Eh (Z W H 1 {UNM}) :

where the U; are independent uniform variables on [0, 1].

Proof. Condition on X1, ..., X, 1. The integrand, as a function of the active
labels in coordinate d, has the form F(S) = h(} .cgv.) with fixed v, >
0. Convexity gives increasing increments, and monotonicity makes those
increments nonnegative. Lemma 3.1 therefore replaces the last coordinate
by a fresh independent uniform Uy, using (3.2).

For every fixed Uy, the new integrand is again A of a nonnegative rectangle
load on the first d — 1 coordinates. Their original marginal law still satisfies
(3.2). Repeat at coordinate d — 1 and continue backwards, then integrate
all the independent uniforms. This proves (3.3). The argument concerns a
finite label set. Subsequent enlargement to countable nonnegative loads is
licensed by monotone convergence whenever the right side is finite. U

The proposition uses bounds conditional on the entire past. Bounds on
unconditional marginals alone would not justify this backward induction. In
the covering application, Lemma 2.2 supplies exactly (3.2); an unrestricted
coordinate has cap one.

4. COMPLETE COFACTORS AND AUXILIARY HEIGHTS

Fix the following rational threshold schedule at all odd primes. Unlisted
primes, starting at 67, have threshold 1/2.

b 5p p 6p D 6p
3 0 19 11/17 43 31/41
5 0 23 16/25 47 34/45
7 1/5 29 19/27 53 19/25
11 1/3 31 18/25 59 37/50
13 6/11 37 37/50 61 37/50

17 29/50 41 29/39 p>67  1/2

TABLE 1. The fixed physical thresholds. The last entry ap-
plies to primes.

For this schedule C}, < p at every odd prime. At the listed primes this
is a rational check; for p > 67 it follows from C, = 2(p —1)/(p — 2) < p.
Let the K, indexed by all odd primes, be independent Ny-valued auxiliary
variables with

(4.1) P(K,>a)=— (a>1).
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Only finitely many of them occur in each expression. Equivalently,

Cp Cp(p—1
4D P -0)-1-2 R, -0 - DY

(k>1).
Realize these heights using independent uniforms V,,, so that K, > a if and
only if V, < Cp/p*.

For ¢ > 5 prime, put
(4.3)

Yo=Y Ky,  Ne=Yy+ > KK, dy=q-—2, tg=dgd,
3<p<gq 3<p<r<g

All sums and products over prime indices in the auxiliary calculations are
over odd primes. The Rosser—Schoenfeld products in Section 8 explicitly
include the prime 2.

There is no mixed charge at prime 3. At every larger ending prime we
have the following bound.

Proposition 4.1 (Cofactor bound). If every class ending at q has at most
three distinct prime divisors, then its mired union has final probability at
most

E(Ng — tg)+

4.4 by =
( ) q dq . tq

Proof. A mixed class ending at ¢ has modulus dg® with d > 1 using only
smaller primes. Give this original class weight w,, = (¢ —1)/¢%, and let A,
denote its actual old-coordinate cylinder. The same d may occur at different
current depths with different old residues; each such original class remains
a separate label. By Lemma 2.1,
ogf@) < T Ry = Y gt (e),
q dq® in F

where only mixed classes ending at ¢ enter the sum. Monotonicity of the
positive part bounds (2.3) by E(R, — tq)+/(dq — tq)-

Apply Proposition 3.2 with h(u) = (u — t4)+ and the prefix caps of
Lemma 2.2. In the aligned load, a label with old cofactor [],., p® is active
precisely when e, < K, at all its nonzero coordinates. This depends on the
complete cofactor exponents and no longer on its residue. Distinctness gives
at most one original label per d and a, so for every fixed d its aligned total
weight is at most

(4.5) Zq_lzl.

a
a>1 q

The allowed old cofactors have one or two distinct prime divisors. There are
K, of the form p® and K, K, of the form pr! in the completed auxiliary
box. Their sum is N, proving (4.4).

If a smaller odd prime is absent from the actual family, inserting its inde-
pendent auxiliary height only enlarges this nonnegative count. Completing
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exponent ranges has the same effect. The actual law and the original label
set remain finite. No mixed modulus can have largest prime 3, because ev-
ery modulus is odd and its cofactor would have to contain a smaller odd
prime. [l

The bound retains original labels until the conditional comparison is com-
plete. In particular, it does not assert distinctness of projected residue
classes. Finite products of geometric heights have all the polynomial mo-
ments used below, so every expectation in (4.4) is finite.

Lemma 4.2. Forj > 1,

(4.6) Bi(p) = E(?) = (p?pl)j’ gp = EKp = pc_pl-
Set Bo(p) = 1. On adjoining the next independent height K,
(4.7) (N,Y) — (N + (1+Y)K,Y + K).
The complete mean before q is
(4.8) EN, = ng + Z Ip9r-

p<q p<r<q

Proof. The tail-sum identity for binomial moments gives

K\ E-1\G, Gy
E(J')_,g(j—l)p’f (p—1)7"

Adding K contributes K singleton types and Y K two-prime types, giving
(4.7). Independence yields (4.8). O

5. A POSITIVE FINITE MOMENT RECURRENCE

Throughout, (;‘) = 0 when 0 < n < j, and a binomial coefficient with
negative lower index is zero. For integers r, s > 0, define

(5.1) B, s(z) = (z) ( " ) (max{r,s} <z <r+s),

r r+s—=z

and set it to zero otherwise. Counting two subsets by the size of their union
gives

@ {0zl

For ¢ > 1, let G;(u,v) be the number of i-element subsets of [u] x [v]
meeting every row and column. It vanishes unless 1 < u,v < ¢. Inclusion-
exclusion gives the explicit integer formula

63 Gilw =Y Y1 (u) () <<u - s>>.

r=0s=0
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For i = 0, set Go(0,0) = 1 and all other values to zero. Selecting the rows
and columns used by an i-element subset proves

(5.4) <(y p 1)k> =Y Giu,v) (y ! 1> <’;)

Proposition 5.1 (Positive closure). The moments

s [() ()] oz avoss

form a closed system under (4.7). More precisely, after adjoining the inde-
pendent height K,

a b
(55) ‘llvb = Z Z Z GZ (U, 1)) Z Z Br,bff(z)B’U,Z(h) Ma—i,z /Bh (p)

1=0 (=0 u,v re{u,u—1} z,h
r>0
Every coefficient is nonnegative, every old index satisfies (a —i)+2z < a+Db,
and every height index satisfies h < a +b.

Proof. Apply Vandermonde’s identity to each factor in

(N +(Y + 1)Kp> (Y - Kp>
a b ’

The resulting terms are ( N.) ((Y+,1)Kp) (bi_/g) (]ip) Use (5.4), Pascal’s identity

a—1t 7
(Y;rl) = (15) + (ulil), and (5.2) in the Y and K, variables. Independence
then gives (5.5).

Nonnegativity follows from the subset interpretations. In every nonzero
term, r <wu<i,s0z2<r+b—~¢<i+b—{and hence (a —i)+ 2z <a+b.
Likewise h < v+¢ < ¢+-f < a+b. There are 22:0(7—@ = 28 moment indices.
The derivation is a polynomial identity, so it applies to all nonnegative

heights without a truncation. ([

Lemma 5.2 (Factorial bound for a positive part). For an integer j > 2 and

arealt>j—1, let
Jt J Ny — ¢
L ~1 ! ()

Then, for every integer n > 0,

(5.6) (n—1)4 < %(t) (j)

Proof. For n < j the left side is zero. For n > j and n > t, comparison of

consecutive ratios shows that

n+l—-t_n-—t Jt
> — n+l1<—.

A =T

(") () J
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Thus the maximum is attained at n.; when jt/(j — 1) is an integer, the
preceding index can tie. The assumptions imply n, > j and n, > ¢, so the
displayed coefficient is defined. O

For primes 71 < ¢ < 89 we use j = 5, and for 97 < ¢ < 997 we use j = 6.
In these ranges t; = (¢ — 2)/2 > j — 1. Therefore

(<q)
v (tq) M ;
(5.7) by < 2t Mo~
dg — tq
The choices are fixed mathematical inputs, rather than an optimization that
must be trusted to succeed.

6. THE EXACT FINITE CERTIFICATE

6.1. The initial charges at all heights. The identity

reduces the exact calculation of a hinge to its complete mean and the states
below ¢. All thresholds through prime 67 are at most 2183/50 < 50. We
retain the exact subdistribution

vg(n,y) =P(Ny =n,Y, =y), 0<y<n<50.

Before prime 3 the only state is (0,0) with mass one. On exposing p, each
retained state sends mass

50 —
(6.2) v(n,y)P(K,=k) to(n+(y+1)k,y+k) <0 <k< { n 1nJ) .

Yy
States outside this region cannot return, since N is nondecreasing. The
complete mean is maintained separately: if A =3¢, and Ey =3 . gpgr,
their update is

(6.3) (A, Eo) — (A+ gp, E2 + Agp).
Consequently the exact initial charge at ¢ is

A+ Ey—t,+ vg(n,y)(ty —n
(64) bq — 2 q Zn,y Q( y)( q )“F, 5 < q < 67.
dq —tq
Here A, E5 have been accumulated only through primes smaller than g. Ev-
ery omitted high state contributes through the complete mean. For example,

this calculation gives

1 41 8930177

5T g T 180 1™ 83349000
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6.2. Directed rational rounding. Put A = 10** and define

up(z) = [[Xﬂ .

Start the 28 moments at Moo = 1 and all other entries zero, before prime 3.
At every prime through 997, substitute the current rational upper moments
in (5.5) and round each outgoing entry upward with up. Positivity of the re-
currence proves inductively that every stored entry remains an upper bound
for the complete moment.

For ¢ < 67, round the exact charge (6.4) upward. For 71 < ¢ < 997, use
the incoming stored upper moment in (5.7), then round the charge upward.
Denote the sum of these rational upper charges by H1ggg. The cutoff includes
all odd primes at most 1000; the last is 997.

Proposition 6.1 (Finite arithmetic certificate). The prescribed calculation
has 167 odd primes, 166 mized-charge entries, and 28 moment entries. It
gives

936901507790779059055101

(6.5) Higoo = 1028 ;
4250993112838494792121194 4251
(66) Z 9p < 51 < .
<1000 10 1000
It also certifies
3p—1
(6.7) I1 (1 + CpplQ> < 28851.
3<p<1000 (r—1)

Ezact-arithmetic verification. The verifier uses Table 1, the height law (4.2),
the moments (4.6), and the positive recurrence of Proposition 5.1. It calcu-
lates the initial charges from (6.2)—(6.3), with rounding scale A. The tran-
sition coeflicients are reconstructed as nonnegative integers and the primes
are enumerated by a sieve. Table 2 lists the three groups of accumulated
charge numerators. Their sum gives (6.5).

The (0,1) entry after the last prime gives (6.6). The product in (6.7) is
evaluated as an exact fraction and compared with the integer 28851. The
code, complete charge trace, and final moment vector are included in the
source package. Appendix A gives the reconstruction instructions and a
second implementation based on ordinary-power intervals. All comparisons

in this proposition are integer or rational comparisons. ([l
Primes Charge calculation Numerator over 102
5-67 Exact low states 911526588327781710324674

71-89  Fifth factorial moment 18325457568679109084577
97-997 Sixth factorial moment 7049461894318239645850

TABLE 2. The finite certificate, grouped by the bound used.
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7. COMPLETION OF THE ENTIRE PRIME TAIL

The remainder requires no enumeration of primes and no height cutoff.
Set B = 1000. We use the rational mean ceiling 4251/1000. An alternative
using only finite rational calculations is proved in Appendix B; its slightly
larger tail bound gives the same upper bound (1.1) for the total charge.

Lemma 7.1 (A polynomial moment majorant). For A, =3 . 9,

(7.1) E(z\@ < P(A,),

where the positive polynomial of degree 12 is
12 h (h_i)
(7.2) P(A) =Y "a T'TQ—}H A,
h=1 r=1""

and its integer coefficients ay, are given by
(ag,aq,...,a12) = (0,0,0,1,206,3965, 27364, 94682,

7.3
(7.3) 187628, 223650, 159075, 62370, 10395).

Proof. Since ZK;E > > K, =Y, we have
2 2
Yy - Zp<q Kp < Ye(Yg+1)
2 - 2 ’
There are y(y+1)/2 singleton or unordered-pair subsets of a y-set. Count six

distinct such subsets by the size h of their union. If a; counts the selections
using every point of a fixed h-set, then

(7.5) (y(yzl)ﬂ) =Y a, (%)

h=0
These counts are nonnegative and vanish above 12. Inclusion-exclusion com-
putes them explicitly as

h
(7.6) an =3 (-1 (Z) <U(u J; 1) /2>’

u=0

(7.4) N, =Y, +

giving (7.3).
Write < for coefficientwise inequality of formal power series. The binomial
moments (4.6) and independence give

E(1+2)% =] <1+gpz>

L ==
(7.7) =< exp (1 fq;/2> .
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Indeed, 1+ f < exp(f) for a series f with nonnegative coefficients and zero
constant term, and p > 3. Combine (7.4)—(7.5) with the coefficient identity

h h—1

r=1

Lemma 7.2 (All-prime tail bound). The charges in (4.4) satisfy

250000 <X 2" P (4251/1000) 174

7.8 b, < T := < —.
(7.8) qgo:oo 4= 81 - 988° ~— Hhtl1 106

Proof. For ¢ > 1000 we have t; = (¢ — 2)/2. Since (§) > (n —5)%/720 for
n > 6, maximizing (z —a)/2% over z > a > 0 gives
v6(tq) < 250000 250000
dg —tq ~ 81(q —2)(q —12)° ~ 81(¢ — 12)%
For the first inequality take a = t; — 5 = (¢ — 12)/2; the maximum is
55/(6%a’). Lemmas 5.2 and 7.1 now bound b, by the last coefficient times
P(Ay).

For primes above B, g, = 2/(p — 2). Enlarging the sum to integers and
integrating the decreasing reciprocal function gives

(7.9)

4251 —
Ay < —— +2log ?
(7.10) 1000 B-2
4251 q—

=000 T8 B 12
For example, 3~ g\, o,(n— 2)~1 < [A(z—2)71 dx proves the first step, using
(6.6). The second follows by cross-multiplication of the positive ratios when
q=> B.
The polynomial P has nonnegative coefficients and degree at most 12, so
AP'(A) < 12P(A) for A > 0. For A > 4251/1000 > 4 this gives 2P'(A) <
6P(A). Hence

P(4251/1000 + 2log((x — 12)/(B — 12)))
flz) = (z — 12)6

is decreasing on [B,o0c0). We may therefore enlarge the prime sum to all
integers greater than B and then integrate:
250000 [
> by < / f(z)dz.
q>B 81 B
Substitute u = log((x — 12)/(B — 12)) and expand the polynomial exactly.
Using [5° u"e 5" du = h!/5"1 gives the expression T in (7.8). Its exact

rational value is

(7.11)

_16728968874809530693336175552877798571687006569 <1774
~96401697119351603200000000000000000000000000000000 ~ 106"
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The inequality is an integer comparison, independently reconstructed by
both accompanying implementations. O

Proof of Theorem 1.1. Apply the normalized kernels with Table 1 to the fi-
nite actual family. Each mixed ending event has probability at most b, by
Proposition 4.1, and later kernels preserve this probability. Primes absent
from the family contribute only nonnegative auxiliary upper terms. Propo-
sitions 5.1 and 6.1, followed by Lemma 7.2, give
I (Uf) < Hipoo +7T < 79317(?676 < %

Pure classes have probability zero. Thus the finite CRT product contains
an uncovered point, which corresponds to an uncovered integer. In fact, the
constructed law gives the uncovered set mass greater than 1/16. ([

8. UNRESTRICTED MODULI AFTER A FIXED LARGEST PRIME

The same comparison also gives a direct continuation for moduli with
arbitrarily many prime divisors. Only the cofactor count changes. For any
real z > 3, put

3p—1
3<p<q 3<p<z
These are auxiliary quantities belonging to the same fixed schedule; S(x)
is deterministic. The physical coordinate heights H,, still resolve the entire
original family, including all classes ending after the cutoff.

Lemma 8.1 (Unrestricted second-moment charge). At any prime q > 67,
without a restriction on the number of prime divisors of the moduli ending
there, their mixed union has probability at most

(8.2) _ED;
(g —2)
Furthermore,
(8.3) )
2 _ 3p—1  p(p+3) p
B+ =14 G = P g < () ez

Proof. Apply Proposition 3.2 to the original labels, and complete all
nonempty cofactor types as in the proof of Proposition 4.1. There are
D, — 1 types in the completed box. Each has total weight at most one.
Thus the mixed probability is bounded by

E(Dq —1- tq)+

dq —tq .

Fort > 0and u >0, (u—t)y <wu?/(4t). With t, = d,/2, the last expression
is at most E(D, —1)*/d? <ED?/dZ, proving (8.2).
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By (4.6), E(1+ K,)? = 1+ 3EK, + 2IE(I§P), which gives the first equal-
ity in (8.3). The second uses 6, = 1/2. For the inequality, clear positive
denominators. With x = p — 3 > 0, the resulting difference is

P’(p—2)— (p+3)(p—1)° =51 + 1362 + 1152% + 402* + 52* > 0.
Independence multiplies these factors to evaluate IEDg. O
We use the following explicit classical prime-product estimate solely for

the unrestricted continuation. Rosser and Schoenfeld [13, Theorem 8, equa-
tions (3.28)—(3.29)] prove

p
71 1-— > 1),
g( 210gx) 1% (x> 1)
1
12 <eloge (1 + 2> (z > 286).
= p—1 2log” x
pPsST

Here the products include the prime 2. Taking a ratio cancels its factor, as
well as e7.

Lemma 8.2 (Explicit prime-product ratio). Let B > 286 and let £ > 3 be
an integer with 3° < B. Then, for T > B,

2
H P <ClogT 2k 41

— 1~ "ogB’

B<p<T p

Proof. Since e < 3, the hypothesis gives ¢ < log B. In the ratio of the dis-
played Rosser—Schoenfeld inequalities, the numerator correction is at most
1 + 1/(2log? B) and the denominator correction is 1 — 1/(2log® B) > 0.
Replacing log B by its lower bound ¢ in this correction ratio yields ¢,. [

Proposition 8.3 (Complete unrestricted tail). Under the hypotheses of
Lemma 8.2, with B an integer, the sum of the mized ending-event proba-
bilities at primes q > B, with arbitrary moduli at those primes, is at most

S(B)T(B,{), where

o] B 2 b 6!
(8.5) 7(B,{) = Ef (3—3> hgo eI

Proof. Equations (8.1)—(8.3) and Lemma 8.2 give
log q )
ED? < =L
5B ) (logB
It is harmless that the prime product used here includes ¢, whereas D,
includes only primes smaller than ¢. Also,

1 _ 1 _(_ B 21
(q—2)2_(q—3)2_(3—3) ¢
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The function (log x)%/x? is decreasing for log x > 3. Enlarge the prime sum
to integers and integrate from B to obtain

6 o9 6 6 |
Z (log g/ log B) < / (log 2/ log B) dr — 1 Z 6! .
q? B x2 B (= (6 —h)! (log B)"

q>B

The equality follows from u = log(xz/B) and [5° ule*du = h!. Replace
log B by the lower bound ¢ in the positive sum and apply Lemma 8.1. All
estimates are for the same full law and remain valid if only a finite subfamily
of later primes is present. O

Proof of Theorem 1.2. Set B = 10° and apply the fixed kernels to the en-
tire given family. For every ending prime at most B, the three-divisor hy-
pothesis holds. Thus the sum of all those event probabilities is less than
Iy = 937076/10: their partial auxiliary charge sum is bounded by the full
three-divisor series already estimated above.

To estimate S(B), use (6.7) and the ratio Lemma 8.2 from 1000 to 10°,
with ¢ = 6. Here 35 < 1000 and log(10?)/log(1000) = 3. Hence

73\ ¢
(8.6) S(B) < Kp := 28851 o) 3

For the tail after B, take ¢ = 18, since 3'® < 10°. The entirely rational
comparison
36711

106
is verified by both implementations. It follows that the final uncovered mass
is greater than

(8.7) KpT(10°,18) <

937076 36711 26213 1
106 106~ 106 40
Pure classes have probability zero as before. The finite CRT product there-
fore contains an uncovered point. No primes between 1000 and 10°, or
beyond 10?, have been enumerated in this argument. O

APPENDIX A. EXACT RECONSTRUCTION AND ARITHMETIC CROSS-CHECK

The accompanying source package contains verify.py, crosscheck.py,
and certificate. json. Both programs require only the Python standard
library and use rational numbers and integers for every decisive comparison.
Run, from the package directory,

python3 verify.py

python3 crosscheck.py

The verifier recomputes the certificate from the printed inputs and then
compares it with the stored file. The stored values are not proof premises.
To regenerate the file in a fresh source directory, use

python3 verify.py --write certificate.json
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The fixed prime list ends at 997. The positive transition coefficients are
reconstructed from (5.1) and (5.3); there is no precomputed transition table
or external solver dependency. The certificate records all 166 rounded charge
entries and the final 28-component moment vector, in units of 10724, The
finite numerical facts needed by the proof are Propositions 6.1, (7.11), and
(8.7).

A.1. The second implementation. The cross-check neither imports the
verifier nor reads its certificate. It enumerates primes by trial division and
represents the initial low states by (Y, Z), where Z = ZKI%, recovering

N =Y + (Y2 — Z)/2. Tts low-state update is
(Y, Z)— (Y + K, Z + K?).

It uses the complete means, as in (6.1), so no omitted high state is discarded
from the hinge expectation.

For the moment continuation it propagates lower and upper endpoints for
the ordinary-power moments R, = E[N?Y?], a + b < 6, in units of 10732,
Direct expansion of (4.7) yields

a b 1 .

a\(b\ (1 ,

(A.1) =D DY () ( ) ( )Rai,bm EK;M.

' ; — \ i)\l \r
1=0¢=07r=0

All coefficients are nonnegative and all indices remain within total order six.

The height inputs are

J .
j_ AU S
2= S oo 020
with zeroth moment one. Braces denote Stirling numbers of the second
kind. The lower endpoints are rounded downward and the upper endpoints
upward.

To bound E(J]V ), expand (7;) in ordinary powers. A positive coefficient
multiplies an upper endpoint and a negative coefficient a lower endpoint.
This sign rule is essential for a rigorous upper bound. The resulting finite
charge differs from (6.5) by less than 1072° and independently certifies the
same strict inequality (1.1).

For the triple tail, the cross-check obtains the a; by univariate Newton
differences and integrates the direct expansion of P(4251/1000+ 2u) against
e 5%, It also recomputes the head second-moment product and the unre-
stricted rational continuation. Thus it checks the arithmetic through a dif-
ferent moment basis and different state representation. The proofs of condi-
tional comparison, cofactor completion, positive closure, and the infinite-tail
estimates are supplied in the body of the paper; numerical agreement alone
is not used to justify those reductions.



18 MICHAEL SCHROEDER

APPENDIX B. A FINITE RATIONAL TAIL AND ITS FORMAL VERIFICATION

This appendix gives an alternative proof of Theorem 1.1 in which every
probability space is finite and the tail is bounded by a telescoping sequence
of rational numbers. It uses the same threshold schedule and the same
polynomial P as the main text. The resulting certificate is the one checked
in Lean. The integral proof in Section 7 remains valid and gives a slightly
smaller bound.

B.1. Finite heights and complete labels. For the given finite family
choose an integer D > 51 at least as large as every prime exponent in its

moduli. Replace each auxiliary height by KZ[,D] supported on {0,...,D},
with law

P(KP) =0) =1-C,/p,
(B.1) P(K)P) = k) = Cplp—1)/p*™" (1 <k< D),
(KPLD} = D) - p/pD~
Admissibility follows from 0 < C}, < p. Its survival probability is C)/p* for

1 <a < D, so all prefix bounds needed by the actual family are unchanged.
For every j > 1, the finite tail-sum identity gives

K 1\ _ C,
(B.2) (j) cz( 1)pk§<p_1)j.

For completeness, let S;(D) denote the sum in this display without the factor
Cp. The finite geometric-sum formula and Pascal’s identity give
1—p P

Si1(D) = o1 (p—1)Sj11(D) = S;(D) — (?)p_D-

Induction proves S;(D) < (p—1)77 for every D, including j > D. Thus the
positive moment recurrence continues to give upper bounds. The finite sum
of current depth weights is at most one, so Proposition 4.1 also applies to
these finite heights.

For the head, insert any absent odd primes through 997. For the con-
tinuation, insert comparison indices 1000,1001,1002,... up to any finite
endpoint containing the family. At an inserted index extend every actual
exponent vector by zero and every prefix condition by the always-true con-
dition. This preserves the support size and injectivity of complete exponent
vectors. It also preserves coverage: restricting a point to the actual coordi-
nates finds an original class, whose added conditions are automatic. These
extra indices introduce no arithmetic congruences or additional CRT require-
ments. Their independent auxiliary heights only enlarge the nonnegative
completed cofactor count. For every integer index ¢ > 1000, use , = 1/2,
Cqy=2(qg—1)/(¢—2), and g4 = 2/(¢ — 2). The finite law (B.1) is admissible
at these indices as well.
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The actual distortion kernels still condition on the entire preceding history.
Original class labels are retained until the backward comparison is complete;
injectivity is never asserted for projected residue classes. The choice of D
depends on the given family and imposes no uniform exponent bound.

B.2. A finite polynomial moment envelope. Set By(A) = 1 and, for
1 < h <12, define

h (h 1)
(B3) Bu(4) =Y =L

r=1
Thus P(A) = Y42, anBp,(A), with the coefficients (7.3).

AT’

Lemma B.1. Let K,...,K,, be independent nonnegative integer-valued
random variables on finite probability spaces. Suppose g; > 0 and

K; .
E( ) <g/¥' (1<j<12).
]

ForY =5, K; and A=}, gi,
Y
E(h) < Bp(A) (0 < h<12).

Consequently, for N = 37, K; + 3, ; K; K, E(Zg) < P(A).

Proof. For h > 1, comparison of coefficients in (B.3) gives the derivative
identity below. The constant coefficients on both sides are 2!="; the others

follow from ZU () = (h;l) for1<r<h-1:

h
Bi(A) =Y 2B j(4)  (h=1).
7=1
All coefficients of By are nonnegative. Finite Taylor expansion therefore
gives, for A,g > 0,

(B.4) ) + Z 51 Bn—3(A) = Ba(A) + 9B (A) < Bp(A+g).

The assertion is 1mmed1ate for no variables. On adjoining K;, Vander-
monde’s identity and independence express the new hth binomial moment
as the convolution of the old moments with those of K;. Apply the induc-
tive bounds and (B.4); the zeroth moment remains one. Finally use (7.4),
monotonicity of (Z) on nonnegative integers, and the nonnegative expansion

(7.5). O

For the height at comparison index ¢, (B.2) gives the required input with
gq = Cy/(q— 1), since every comparison index is at least three. This proves
the same polynomial majorant as Lemma 7.1 using only finite sums and
polynomial identities.
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B.3. A rational telescoping potential. Define the degree-twelve polyno-
mial

12 op (7")
(B.5) HA) =Y QJ;H(A)

r=0
It has nonnegative rational coefficients and satisfies the polynomial identity
(B.6) 5H —2H' = P.
The derivatives here are formal derivatives of polynomials.

Lemma B.2 (Potential inequality). For rational A > 0 and z > 0,
P(A) H(A) H(A+2/(z+11))

(2'4—1)6S S (z+1)5

Proof. Every derivative of P and H is nonnegative at A > 0. Differen-
tiate (B.6) to obtain 2H(*tD(A) < 5H)(A). In particular, H()(A) <
(5/2)"YH/(A) for r > 1. Put s = 2/(z + 11) and n = 5/(z + 11), so
0 < n < 1. Finite Taylor expansion, r! > 1, and the finite geometric-sum
formula give

(B.7)

12
H(A+5) < H(A) +sH'(A)Y "T‘ :
r=1 :
(B.8) < H(A) + H(4) = H(A) + - i )

Here (1 —7) Y 1" =1 —n'2 < 1; no infinite series is needed. Using (B.6)
and (B.8), the numerator obtained by clearing the positive denominator
2°(z 4 1)% in (B.7) satisfies

(z4+ 1)°H(A) — (24 1)2H(A+ s) — 2°P(A)

1 5
> (1524 + 2023 + 1522 + 62 + 1)H(A) + (fﬁﬂ’(A) > 0.
z
This proves the inequality. O
Set Ag = 4251/1000 and, for n > 0, put
2
An—i—l = An + )
(B.9) 998 +n

250000 H(Ap) 250000 P(Ap)

81 (987 +n)®’ @n = 81 (988 +n)b"
The sum of the height-mean bounds before index 1000+ is at most A,,: the
head is bounded by (6.6), and each subsequent index contributes 2/(q — 2).
The scalar calculation in (7.9) holds for every ¢ > 12, whether or not ¢ is
prime. Lemma B.1 and that sixth-hinge bound therefore bound the auxiliary
charge at this index by Q.

T, =
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Proposition B.3 (Finite rational tail). Every finite continuation has total

auziliary charge at most T := Ty, where
265539188489040169735494850045679342407730263

1522457473923993600000000000000000000000000000000

Moreover, T < 175/106.

Proof. Apply Lemma B.2 with A = A,, and z = 987 + n. It gives @, <
T, — Typa1. Since T;, > 0, for every M > 0,

M—1

> Qu<Ty—Ty <Th.

n=0

(B.10) T =

Substitution in (B.5) gives the exact fraction (B.10); its upper bound is an
integer comparison. The endpoint M is arbitrary and may be chosen to
include every prime in the original family. ([l

In terms of the integral bound T" of (7.8),

5
(B.11) T~ (557) 7
987

The integer comparison schedule starts at 1000, including that unused com-
posite index. Its initial potential denominator is consequently 987°. In par-
ticular, (B.10) does not use the sharper intermediate bound 174/10° from
Lemma 7.2.

B.4. The formal certificate and its numerical comparison. For the
early charges, the formal certificate rounds every retained low-state mass
upward to a multiple of 1072* after each transition (6.2). It uses the in-
coming upper moment M\l,o for the complete mean in (6.1), and rounds the
resulting charge upward to a multiple of 107'8. All transition coefficients
and the complementary-hinge weights are nonnegative, so both replacements
preserve upper bounds. For D > 51 the atoms below 51 in (B.1) equal those
n (4.2). Also Y < N and every early threshold is less than 50. Thus omit-
ted states have zero complementary hinge; their contribution to the original
hinge remains in the complete mean.

The early charge ceilings sum to 911526588327781719/10'8. The later
charges, for 71 < ¢ < 997, are the same ceilings as in Section 6. The
resulting head bound is
936901507790779067730427 8675326

1071 — oo+ g
The sum, compared directly as a rational number, satisfies

. - 937076 15
B.1 H T =
(B-13) 1000 £ 4 < TI06 - < 16

The separate bound T' < 175/10° is not substituted to obtain (B.13); the
exact fraction is used.

(B.12) Higoo =
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Certificate Tail, approximately Total, approximately

Integral argument 0.0001735339664622  0.9370750417572413
Formal rational argument 0.0001744148477295 0.9370759226385085
TABLE 3. Two exact certificates for the same strict total
bound. The decimal values are explanatory; all decisive com-

parisons use the exact fractions.

Combining the finite-height comparison with (B.13) gives an alternative
proof of Theorem 1.1. Under the constructed normalized law, the union
of all mixed classes has mass less than 15/16, and pure classes have mass
zero. Restrict an uncovered point to the actual prime coordinates and apply
the finite CRT. This yields an uncovered integer, with no restriction on the
family size, its total prime support, or its exponents.

B.5. Formal statement and reproducibility. The public Lean declara-
tion in namespace Erdos7 is

noncoverage_at_most_three_prime_factors.

Its arguments are a finite family of integer residues and natural moduli, with
exactly the assumptions in Theorem 1.1; its conclusion is the existence of
an integer outside every class. The proof constructs the probability laws
and proves the comparisons and certificates. No residual-model, certificate-
validity, or height-bound hypothesis is supplied to the final theorem.

The project uses Lean 4 [5] and mathlib [10], with both pinned to
v4.32.0-rcl; the dependency manifest records the exact mathlib com-
mit. The final axiom audit reports exactly propext, Classical.choice,
and Quot.sound. There are no admitted proofs, additional mathematical
axioms, or uses of native evaluation as a proof oracle. For the potential
inequality, Lean checks the same statement as Lemma B.2 by clearing
denominators and verifying a polynomial expansion with 221 nonnegative
coefficients. The finite head inequalities are checked by kernel reduction.
The supplied Python generators propose source files; they are not trusted
proof premises.

The companion includes a build script and an audit of the arithmetic
statements and their axiom dependencies. With the pinned toolchain and
dependencies installed, run from its formal/ directory:

python3 build_three_prime.py --jobs 4
lake env lean --trust=0 AuditThreePrime.lean

The supplementary verify_formal_appendix.py, run beside verify.py,
reconstructs the rounded formal head, the polynomial identities, and the ex-
act comparison in Table 3. It is an additional arithmetic check, not an inde-
pendent implementation of the entire proof. Theorem 1.2 and Corollary 1.3,
with their 10° cutoff, are not part of the completed Lean formalization.
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AVAILABILITY AND RESPONSIBILITY

The source package contains the complete manuscript, two standalone
arithmetic implementations, the reconstructed certificate, and build and
verification instructions. No earlier author paper is required to verify ei-
ther theorem.

The manuscript and matching source package are available from Zenodo
under DOI 10.5281 /zenodo.22760638.

The companion Lean 4 source proves Theorem 1.1 end to end; Appendix B
gives the rational alternative and the precise verification scope. Theorem 1.2
and its 10° cutoff are not included in that formal verification. The author
is responsible for the mathematical statements and their presentation.
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