SEVEN PRIME DIVISORS IN ODD DISTINCT COVERING
SYSTEMS

MICHAEL SCHROEDER
INDEPENDENT RESEARCHER

ABSTRACT. More than seventy-five years after Erdés introduced dis-
tinct covering systems in 1950, the Erdés—Selfridge odd covering prob-
lem (Erdés Problem 7) remains open: does there exist a finite covering
system with pairwise distinct odd moduli greater than one? We prove
that the least common multiple N of the moduli in any such system
has at least seven distinct prime divisors, without any squarefreeness or
prime-power-height hypothesis. The proof passes to a residual product
of prime trees on which all prime-power classes are absent, then charges
every remaining cylinder at the last digit that it fixes. A normalized fibre
distortion and a reverse causal comparison for increasing supermodular
functionals reduce the estimate to five exact rational charges. Their
sum is 0.914634 ... < 1, giving the contradiction uniformly in all prime-
power heights. A complete Lean 4 formalization and an independent
exact rational checker accompany the argument.

1. INTRODUCTION

A finite family
C={ay, (modn,):1<v<m}

is a covering system if every integer belongs to at least one of its classes.
It is distinct when the moduli n, are pairwise distinct, and it is odd when
every n, is odd. We use w(N) for the number of distinct prime divisors of N.
Balister’s recent survey [1] provides a broad guide to the classical questions
and to the modern probabilistic methods for covering systems.

The study of distinct covering systems began with Erdds in 1950 [8]. The
enduring Erd6s—Selfridge question asks whether a distinct covering system
can have every modulus odd and greater than one. Berger, Felzenbaum, and
Fraenkel obtained the general necessary condition [4, 5]

p—1 1
(1.1) H—Q— —>2
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In particular, their condition implies w(N) > 5. Indeed, on writing x, = (p—
2)71, the left side of (1.1) becomes [],(1+x,) =3, p, which is nondecreasing
in every z;, and under the addition of a further positive variable. With at
most four odd primes it is therefore at most its value at 3,5,7,11, namely

86
86 o
15 =

Much sharper conclusions were known under a squarefree hypothesis.
Simpson and Zeilberger proved that a hypothetical system with squarefree
moduli would require at least eighteen prime divisors [15]; Guo and Sun
raised this to twenty-two [9]; and Balister, Bollobds, Morris, Sahasrabudhe,
and Tiba ultimately ruled out the squarefree case altogether [2]. In the
unrestricted setting, Hough’s solution of the minimum-modulus problem
introduced a powerful probabilistic sieve [11]. Hough and Nielsen used a
refinement to show that every distinct covering contains a modulus divisible
by 2 or 3 [12]. A further prime-by-prime distortion argument of Balister et
al. shows that, if IV is the least common multiple of a distinct covering, then
2| N,or 9| N,or 15| N [3, Theorem 1.4].

Recent complementary work treats nearby questions. Odd systems with
one repeated modulus are studied in [10, 6]; McNew and Setty investigate
covering numbers and their density [13]; and Mian and Siddique give a
kernel-checked exclusion of least common multiples up to 10* [14]. These
works address variants, density, or least-common-multiple size rather than
an exponent-uniform lower bound for w(N).

Theorem 1.1 (Seven-prime support theorem). Let C be a finite distinct
covering system with odd moduli n, > 1, and put

N = lcmlgygm ny.

Then
w(N)>T.

Theorem 1.1 strengthens the rank-five consequence of (1.1) while making
no squarefree assumption. Its proof retains the prime-by-prime philosophy
of [11, 3], but the finite tree structure is used much more rigidly. The
Chinese remainder theorem turns a congruence class into a prefix cylinder
in a product of prime trees, and distinct moduli give uniqueness of full depth
vectors. We select a residual product avoiding every cylinder whose modulus
is a prime power. A normalized distortion is then applied one digit at a
time, while a reverse causal comparison replaces the surviving prefix events
by independent gates. Finally, full-vector uniqueness bounds the number of
cylinders ending at a digit. The resulting five block charges have exact sum

10123552563977963
11068417920000000

The word “ending” is essential. We never project cylinders that still fix
future coordinates and then claim uniqueness for their projections. At the

(1.2)
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stage where a cylinder is counted, all of its future depths are zero, so the
depth data already exposed are its full depth vector.

The bottom ternary block also requires care: we use only unconditional
prefix caps, never a false conditional product assertion. Unknown prime-
power heights are removed by stochastic and increasing-convex domination,
so the certificate is uniform in the exponents. Section 8 records the inde-
pendent Lean formalization. Throughout, x4 = max(z,0); all probability
spaces are finite until the infinite-height majorants of Section 6 are intro-
duced.

2. CRT CYLINDERS AND A RESIDUAL PRODUCT

Write
(2.1) N:ﬁw?j, 3<m <M< - < Ty
=1
By the Chinese remairider theorem,
T
(2.2) Z/NZ = JHl Z/7{ .

Represent the j-th factor by its rooted m;-ary digit tree of height a;, reading
base-m; digits from least significant to most significant. Thus congruence
modulo 7§ fixes exactly the first e digits. If

T
o
ny, = ij”, 0<ey <aj,
7=1

then the lift of a, (mod n,) to Z/NZ is a product cylinder: in block j, it
fixes a prefix of length e, ;. We call e, = (ey1,. .., eyr) its depth vector.

Lemma 2.1 (Full-vector uniqueness). For every nonzero depth vector e, at
most one cylinder of C has depth vector e.

Proof. The modulus belonging to e is []; 7T§j . Two cylinders with the same
depth vector therefore have the same modulus, contrary to the assumption
that the moduli are distinct. O

Order digit coordinates block by block. A nonempty depth vector is
assigned to the last coordinate that it fixes. Thus a cylinder assigned to
depth e > 1 in block j has depth e in that block and depth zero in every
block after j. A cylinder is pure when its depth vector is supported on only
one block. Lemma 2.1 implies that, in each prime tree, there is at most one
pure forbidden prefix at each positive depth.

We now remove all such prefixes.

Lemma 2.2 (Complete avoidance subtree). Let T' be a full rooted p-ary tree
of height a, and suppose that at most one vertex is forbidden at each positive
depth. For every q < p — 1, the tree contains a full rooted q-ary subtree of
height a containing none of the forbidden vertices.
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Proof. Construct the subtree level by level. At a retained vertex, exclude
the child that is the forbidden vertex at the next depth if that child exists;
otherwise exclude an arbitrary child. At least p — 1 > ¢ children remain,
from which we retain exactly gq. Doing this at every retained vertex and
every level gives the required subtree. A forbidden vertex whose parent was
not retained is already absent. O

The first block admits a more efficient, non-product selection.

Lemma 2.3 (Bottom-packed ternary selection). Let T be a full ternary
tree of height a > 1, with at most one forbidden vertex at each positive
depth. There is a set Y, of leaves, none at or below a forbidden vertex, such
that

(2.3) Y| =S, :=3""1+1,

and every prefix of depth d contains at most

(2.4) 2.3¢7174 (1<d<a), 1 (d=a)
selected leaves.

Proof. Consider the 3! vertices at depth a—1. A forbidden vertex at depth
d < a has exactly 3% 17¢ descendants at that level. Hence the forbidden

vertices at depths 1,...,a — 1 together exclude at most
az_:lga—l—d — 3¢t -1
d=1 2

parents. At least (3471 4 1)/2 parents survive. Choose exactly that many,
and below each chosen parent retain two leaves. If the single forbidden
vertex at depth a lies below a chosen parent, choose the other two leaves
there. Thus all selected leaves avoid every forbidden prefix and their number
is twice the number of chosen parents, proving (2.3). A prefix at depth d < a
contains 3¢~17% possible chosen parents and each contributes at most two
leaves; a terminal prefix contains at most one. This proves (2.4). O

Suppose from now on, toward a contradiction, that » < 6. Since a covering
system is nonempty and every modulus is greater than one, we also have
r>1and a; > 1. Let

(2.5) (5., pt) = (3,5,7,11,13,17).

Because the primes in (2.1) are increasing, m; > pj. In the first block choose
any full ternary subtree and apply Lemma 2.3 to the pure forbidden prefixes
that remain inside it. In each block j7 > 2, apply Lemma 2.2 with

(2-6) q; = p; — 1.

This is possible because ¢; < 7; — 1.
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Let T} be the resulting complete g;-ary tree in block j, and set

(2.7) R=Y, x[[ 7T
j=2

Every pure covering cylinder misses R. Put the uniform probability measure
v on R, using uniform measure on the leaf sets of the factors. A later-block
digit is conditionally uniform on ¢; retained children. In the first block, a
prescribed prefix has v-mass at most

2.3a—1—d 1
Gty SS9 Se =gy

where ¢ = a;. Notice that these bounds are unconditional; we shall not
pretend that the uniform law on Y, is a digitwise product law.

(2.8) 540 =1, Sqd =

3. THE NORMALIZED DISTORTION

The whole first-block leaf is regarded as initial history. We then process all
retained digit coordinates in blocks 2, ..., 7, in lexicographic order by block
and depth. For a stage s, let Bs C R be the union of the nonpure cylinders
assigned to that stage, intersected with R. Since an assigned cylinder fixes no
future digit, Bs is measurable immediately after the current digit is exposed.

The following update is the engine of the proof.

Proposition 3.1 (Fibrewise distortion). Let B be measurable after a cur-
rent finite-valued coordinate is exposed, let o be its conditional probability
over each fibre of the prior history, and fix 0 < 0 < 1. Multiply the density
on each fibre by

‘ B Be
(3.1) a<d 0 1-a)!
a>6|(a—208)/(a(l-05)) (1-6)"L.
Then the new fibre mass of B is

(@ —0)+
1-46
The average multiplier on every fibre is one, and every multiplier is at most

(1- )"

(3.2) fo(a) =

Proof. If a < 6, the average multiplier is (1 — a)(1 —a)~! =1, and the new
mass of B is zero. If @ > ¢, the average is

a—9 1

am+(1—a)m:1,

and the new mass of B is (a — 6)/(1 — d). In the first case, (1 — )"t <

(1 — 6)~!; the remaining multiplier bounds are immediate. O
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Start with po = v and apply Proposition 3.1 at every stage. Fibre nor-
malization preserves the entire preceding marginal. In particular, every later
update preserves every set measurable at an earlier stage. If u, is the final
measure and ps—1 is the measure just before stage s, then

(33) ok <U Bs> < ZIJ’*(BS) = ZEMS—1 f5s (Oés).

Thus a total charge strictly smaller than one leaves a point of R outside all
the nonpure cylinders.

There is a second consequence. Immediately before a digit is updated,
the density with respect to v depends only on the preceding coordinates;
hence a retained digit in a g-ary block is conditionally uniform. Put § = t/q,
where 0 < ¢t < ¢g. On a fixed fibre, Bj is a union of current symbols. Formula
(3.1) shows, separately for symbols inside and outside that union, that after
the update

1
(3.4) P(Zs=y|Z<s) < P
Indeed, an outside symbol receives mass at most ¢~ (1 —t/q)~t = 1/(q—t),
and an inside symbol receives no more. Every later update preserves the
joint marginal through stage s, so (3.4) remains true thereafter.

4. SUPERMODULAR DOMINATION

For a finite set L, a function F : 2¥ — R is supermodular if
(4.1) F(ANB)+ F(AUB) > F(A) + F(B) (A,BCL).

We shall use such functionals to count simultaneously surviving cylinder
labels.

Lemma 4.1 (Bernoulli rearrangement). Let (I))xer be arbitrary Bernoulli
variables satisfying P(Iy = 1) < px. If F : 2 — R is increasing and
supermodular, then

(4.2) EF({\: Iy =1}) S/OIF({)\:uSpA}) du.

Proof. First enlarge each marginal to its cap: whenever the current marginal
of Iy is p < p), independently change a zero to a one with probability
(px — p)/(1 — p). This leaves all other coordinates unchanged and cannot
decrease an increasing functional. We may therefore prescribe the marginals
PA-

Among all probability distributions on 2¥ with these marginals, choose
one maximizing EF(S), and among those choose one maximizing E|S|?. If
two incomparable sets A, B have positive mass, move the same sufficiently
small mass from each of A, B to each of AN B, AU B. Every one-point mar-
ginal is unchanged. By (4.1), the first objective does not decrease, whereas
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the second increases by
2|A\ B||B\ A] > 0.

This contradicts the choice of the distribution. Its support is therefore a
chain. A chain-supported Bernoulli law with the prescribed marginals is the
common-uniform coupling I = 1y<,,1, U ~ Unif|0, 1], which is precisely
the right-hand side of (4.2). O

We next turn conditional atom bounds into gates. A label may impose
either no condition at a coordinate or one required symbol there.

Theorem 4.2 (Reverse causal gate comparison). Let Z1, ..., Z,, be a finite-
valued adapted process such that, for every positive-probability history and
every current symbol,

(43) ]P)(Zl =Y | Zl)"'7Zi—l) Sri~

Let L be a finite labelled family of cylinder conditions on this process, and let
A(Z) C L be the set of satisfied labels. For every increasing supermodular
F:20 5 R,

(4.4) EF(A(Z)) < EF(A(G)),

where G1,...,Gy, are independent Bernoulli variables with P(G; = 1) = r;,
and a label is placed in A(G) when G; =1 at every coordinate at which that
label fixes a symbol.

Proof. We eliminate coordinates in reverse order. Consider the final coordi-
nate, and fix the preceding history. Let A be the set of labels still eligible
at this point. Partition it as

A:AOL||_|Ay,
Y

where Ag contains labels not fixing the final coordinate and A, contains
labels requiring the symbol y. The set function

H(J)=F (AO Ny Ay)
yeJ
on the symbol set is increasing and supermodular, because the bundles
are disjoint and the bundle map preserves unions and intersections. Ap-
ply Lemma 4.1 to the mutually exclusive indicators 177 _,1. FEach has
conditional mean at most r,,; the common-uniform upper coupling makes
all symbol indicators equal to one Bernoulli gate G,,. Conditional on the
preceding history, the resulting upper bound is

(4.5) (1 = rpm)F(Ag) + rm F(A).
As a function of the eligible label set A, expression (4.5) is again increasing
and supermodular: it is the nonnegative linear combination of F(A N L)

and F(A), where Lg is the fixed set of labels not constraining the final
coordinate. Consequently the same argument applies to coordinate m — 1,
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then to m — 2, and so on. The fresh common gate introduced at each step
may be taken independent of all the others. This gives (4.4). O

The first residual block requires a different final step.

Corollary 4.3 (Hybrid prefix—causal comparison). Suppose each label X € L
additionally requires an event Ey in an initial random variable, with

(4.6) P(E)) < sqn),  1=80>81>->8,>0.

Conditional on that initial variable, let the remaining adapted coordinates
satisfy (4.3). Then the expectation of every increasing supermodular func-
tional of the active labels is at most its expectation in the following model:
the later coordinates are replaced by the independent gates of Theorem 4.2,
and independently one takes a run D € {0,...,a} with

(4.7) B(D > d) = sa,
declaring the initial requirement of \ satisfied whenever d(\) < D.

Proof. Eliminate all later coordinates in reverse order exactly as in the proof
of Theorem 4.2. The continuation functional of the labels satisfying their
initial events remains increasing and supermodular. Apply Lemma 4.1 di-
rectly to the labelled event indicators 1g,, using their unconditional caps in
(4.6). In the common-uniform coupling, a label of depth d survives precisely
when U < s4. Since the caps are nonincreasing, this is the run in (4.7).
This last rearrangement uses only the marginal prefix bounds; it asserts no
conditional digit bounds for the initial variable. ([

For later use, note that for every integer t > 0,
(4.8) Fi(A) = (JA] 1)+

is increasing and supermodular. Indeed, its discrete marginal increment
on adjoining a new element is zero until the cardinality reaches ¢ and one
thereafter, so the increments are nondecreasing.

5. THE BLOCK CHARGE

Fix, for every later block j, an integer threshold
1

(51) OSthQj—Q, Ty = —"
4 —
and use d; = t;/q; at every digit of that block.

Consider depth e in block j. On a fixed preceding-history fibre, let M be
the number of eligible cylinder labels ending at the current digit. Each such
label requires one current symbol. Consequently the union Bj . occupies at

most min(M, ¢;) symbols, and its conditional mass o satisfies
< min(M, g;)
4qj
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The distortion cost is therefore bounded by

(min(M, g5) — 1), _ (M —t;);
q; —tj g

(5.2) fty70;() <

The second inequality uses only min(M, ¢;) < M.

Apply Corollary 4.3 to the labels ending at this stage and to the hinge
(4.8). Let Dy 4, be the first run obtained from the caps (2.8). For 2 <1 < j,
let D; ,, be the initial run of open gates in block ; then

(5.3) P(Diq, > d) = {1420,
All these comparison runs are independent. Put

(5.4) K; =[[(Dsa +1).
i<j

In the gate model, the first e—1 gates of the current block must all be open
before any label ending at depth e can survive. This event has probability
e—1

i Once it occurs, a surviving label has an earlier depth vector

(di,...,dj-1), 0<d; <Djg.

The all-zero vector would make the cylinder pure and has already been
removed. For every other vector, Lemma 2.1 gives at most one cylinder:
together with current depth e and zero future depths, this is the cylinder’s
full depth vector. Thus at most K; — 1 labels survive. Combining this fact
with (5.2) gives the depth charge

ret
(5.5) Cje < ——E[(K; —1—t;)4].

qj —t;

Summing over 1 < e < a; and enlarging the geometric sum to infinity yields
the exponent-free block bound

E[(K; — (t; +1))+]
G —ti—1

(5.6) C; <

There is no first-block charge: after pure cylinders have been removed, no
cylinder can end in block 1.

Remark 5.1 (The ending-only principle). The count K; — 1 is not a bound
on arbitrary cylinders visible after a projection. Such a bound would be
false because different future depths can collapse to the same exposed prefix.
Here every counted cylinder ends at the current digit, so every future depth
is zero. This is why Lemma 2.1 applies without loss of information.
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6. UNIFORM REMOVAL OF THE PRIME-POWER HEIGHTS

It remains to replace the finite runs in (5.4) by fixed infinite majorants.
From (2.8), for every integer 0 < k < a,

(6.1) E[(Dlja — k)+] = Z Sa,d
d=k+1
3a—k—1 1
2 N
(6.2) 3o-1 41 < 3k
For k > a, the left side is zero. Define an infinite run Dy by
2
(6.3) P(D; >d) = 3 (d>1).
Then
> 2 1
E[(D1 = k)] = Z 3d = k"
d=k+1

The stop-loss inequalities at integer k imply D1, <icx Di. Indeed, for
integer-valued variables the stop-loss transform is affine between consecutive
integer thresholds. Conditional on all other runs, every hinge in (5.6) is an
increasing convex function of D1 4, so the replacement by Dy is valid.

For ¢ > 2, the finite survival function (5.3) is pointwise bounded by that
of the infinite geometric run D; satisfying

(6.4) P(D; >d)=r{ (d>1).

Hence D;q, is stochastically dominated by D;, and the coordinatewise in-
creasing hinge permits this replacement as well.
Set X; = D; + 1. Equations (6.3) and (6.4) give the exact laws

1 4
(65) Pi=1)=3 PXi=n)=5 (22, EX=2
and, with hi = q; — ti,
h; —1 h;
: P(X; =n) = >1), EX;= .
(6.6) (Xi=m) =" (=1) =

The right side of (5.6), with K; =[]
independent of all exponents a;.

i<j Xi, is therefore a universal bound

7. THE EXACT SIX-BLOCK CERTIFICATE

For blocks 2,...,6, choose the following thresholds:

comparison prime pj |5 7 11 13 17

(7.1) q; 4 6 10 12 16
t; 01 3 5 7

hj = q; —t; 4 5 7 7T 9
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Substitution of (6.5)—(6.6) into (5.6) gives the five exact charges

block C;
5 1
3
11
7 _
(7.2) 48
i 13609
108000
3 133996207321
1089093600000
L7 | 30808237910202601
298847283840000000

Appendix A derives every entry using finite rational arithmetic. The succes-
sive partial sums are

1 9 74359 883847235121 10123552563977963

3’ 167 1080007  1089093600000°  11068417920000000

In particular, the total charge through six prime blocks is

10123552563977963

‘bﬁ = <1,
11068417920000000
g ~ 0.914634109151705.

(7.3) 0,

(7.4)

with exact positive margin

944865356022037

1— ®g =
6 = 11068417920000000 ~
1 — dg ~ 0.0853658908482954.

(7.5)

Remark 7.1 (Necessity and discrete optimality). The threshold schedule in
(7.1) is the unique minimizer of the block-charge bound among all

6
Il(qj_.l)::3.5-9-11-15::22275
j=2

integer schedules permitted by (5.1). Moreover, if the bottom-packed ternary
selection is replaced by the ordinary binary product selection in the first
block, exact minimization over the same schedules has the same unique min-
imizer but gives

22540693685733889
22136835840000000

Thus both the bottom-packed selection and the hybrid comparison are es-
sential to this certificate. The ancillary rational checker performs both ex-
haustive computations.

~ 1.01824370242671 > 1.
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Proof of Theorem 1.1. Assume that r = w(N) < 6. Construct the residual
product R of (2.7); every pure cylinder misses it. Run the distortion of
Section 3 in blocks 2,...,r, using the corresponding prefix of the schedule
(7.1). The block estimate (5.6), the height domination of Section 6, and the

exact sums (7.3) imply
s (U Bs) < 1.

By (3.3), some point of R lies outside every nonpure cylinder. It also lies out-
side every pure cylinder by construction of R. Hence the lifted congruence
classes fail to cover Z/NZ.

Every original class is periodic modulo N, so a cover of Z would induce a
cover of Z/NZ. We have obtained a contradiction. Therefore r > 7. g

Remark 7.2 (Scope). The theorem establishes the lower bound w(N) > 7.
It does not claim the stronger bound w(N) > 8, and it does not by itself
rule out odd distinct covering systems of larger prime support.

8. FORMAL VERIFICATION AND REPRODUCIBILITY

The accompanying development in Lean 4 [7], using mathlib [16], formal-
izes the theorem from the arithmetic hypotheses onward. This complements
the earlier kernel-checked least-common- multiple exclusion of Mian and Sid-
dique [14]. Its input structure consists of a finite list of residues and moduli,
a proof that every natural number lies in one of the corresponding con-
gruence classes, proofs that all moduli are odd and greater than one, and
injectivity of the modulus map. The final declaration is

Erdos7.0ddDistinctCoveringSystem.seven_prime_support.

It concludes directly that the cardinality of the prime-factor set of the least
common multiple is at least seven.

The formal arithmetic reduction proves all steps that are often suppressed
in a cylinder argument. Prime valuations reconstruct each modulus and
turn distinctness into injectivity of full depth vectors. Under the contrary
assumption of at most six prime divisors, the ordered odd primes dominate
(3,5,7,11,13,17). A reduced-alphabet word is embedded into each actual
prime block and the blocks are combined by the finite Chinese remainder
theorem. Congruence modulo p¢ is proved to recover the first d base-p digits.
Classes missing the comparison product are discarded; coverage is retained
pointwise because the CRT integer of each comparison point belongs to an
original class, which therefore survives. Zero-height blocks pad presentations
with fewer than six primes.

The rational certificate is also proved semantically. In the largest five-
factor calculation the identity

(@—t)y=a—1+(t—2)+

separates the product mean from the complementary deficit. At threshold
eight that deficit is nonzero on only 61 product states, which are propagated
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through four small exact tables. Thus the final proof term does not use
native evaluation.

With Lean version v4.32.0-rcl1 and the matching mathlib release, the
development is reproduced from the unpacked arXiv source bundle by

cd anc/formal
lake build
lake env lean Audit.lean

The independent arithmetic checker is run from the project root with
python3 anc/scripts/verify_seven_prime_support.py

It uses exact rational arithmetic and reproduces all five charges, their sum,
and the positive margin in (7.5). The Lean sources and the checker are
supplied with this manuscript as ancillary files; neither is needed for the
self-contained proof above.

The dependency audit for the final theorem reports only

propext, Classical.choice, Quot.sound,

the standard Lean/mathlib foundations used by the development. The
project contains no additional axioms, admitted goals, unsafe declarations,
or native_decide dependencies.

APPENDIX A. EXACT EVALUATION OF THE CERTIFICATE
This appendix expands the arithmetic behind (7.2). For a positive integer-
valued random variable K and an integer ¢t > 0,

(A1) E[(K—-(t+1) ] =EK —(t+1)+ zt:(t +1-k)P(K = k).
k=1

Thus only the mean and the probabilities below the hinge are needed.

For clarity, write X5, X7, X11, X13 for the geometric variables created by
the corresponding blocks of (7.1); their parameters are respectively h =
4,5,7,7. Define

K5 = X, K7 = X1 X5, K1 = X1 X5 X7,
Ki3 = X1 X5X7X11, Ki7= X1 X5X7X11X53.
Using the means in (6.5)—(6.6),

8 10 35 245
A2) EK5s=2, EK;=-, EKy1=—, EKi3=—, EKi;=—.
( ) 5 ) 7 37 11 3 ) 13 9 ) 17 54

For any product K = [[i“; X; and integer £ > 1, its small mass is the
finite divisor sum

(A.3) PK=Fk) = >, ﬁ P(X; = n;).

Nni,...,nm>11=1
ny-Nm==k
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Applying (A.3) to the explicit laws gives
1

(A.5)
1 107 1969
(P(K11 = (5 300’ 18000)
(A.6)
(B(K1s = 1) ((3 100081 79974329 1720937761 )
35 2450 1029000 432180000’ 181515600000
(A.7)
(B = ) ( 36 2607 103681 100577129)
245’ 8575 1200500 504210000
(B (K1 = 1) <1TB&NWﬂ 7997427679049
211768200000° 88942644000000°
(A8) 31902849672241 >
37355910480000000

We now insert these values into (A.1). The five hinge expectations, in
schedule order, are

(A.9)
BI(K ~ 1)4] =2~ 1=1,
(A.10)
BI(Kr ~2)] =5 ~2+ { = 13,
(A.11)

5 300/ © 18000 ~ 18000’
35 6 809 100081
E[(K13—6)+]_—6+5< >+4< >+3<>

10 1 107 1969 13609
El(Kn - 4+ = 3 ~4+3 () +2 (355) * 5008 =

9 35 2450 1029000

(A12) ( 79974329 > 1720937761 133996207321
‘ 432180000/ ' 181515600000 181515600000’
245 36 2607 103681
E[(K 7 — = =0U7 105681
(K7 —8)4] = 54 8+7(M5>+6<8m§>+5(um5m)
(100577129) ( 1733897761 )
504210000 211768200000
( 7997427679049 ) 31902849672241
88942644000000,) ' 37355910480000000
30808237910202601
(A.13) = .
37355910480000000

Finally, formula (5.6) divides these five hinge expectations by
hj —1=3,4,6,6,8,
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respectively. This gives exactly the five fractions in (7.2); their exact addi-
tion gives (7.4) and (7.5).

APPENDIX B. LOGICAL DEPENDENCY MAP

For reference, the proof depends on the following chain, with no asymp-
totic or computational premise hidden between the links:

(1) distinct moduli give full-vector uniqueness (Lemma 2.1);

(2) the residual selection removes every pure cylinder and supplies the
exact ternary prefix caps (2.8);

(3) fibre normalization gives the union charge (3.3) and the causal symbol
cap (3.4);

(4) uncrossing gives Bernoulli rearrangement, which in reverse order gives
the causal gates and, only after those coordinates are gone, the ternary
prefix run;

(5) ending-only uniqueness gives the block estimate (5.6);

(6) stop-loss and stochastic domination remove all unknown prime-power
heights; and

(7) the exact certificate (7.2) has total strictly below one.
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